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ON A HIDDEN SYMMETRY OF QUANTUM HARMONIC OSCILLATORS
RAQUEL M. LO´PEZ, SERGEI K. SUSLOV, AND JOSE´ M. VEGA-GUZMA´N
Abstract. We consider a six-parameter family of the square integrable wave functions for the
simple harmonic oscillator, which cannot be obtained by the standard separation of variables. They
are given by the action of the corresponding maximal kinematical invariance group on the standard
solutions. In addition, the phase space oscillations of the electron position and linear momentum
probability distributions are computer animated and some possible applications are briefly discussed.
A visualization of the Heisenberg Uncertainty Principle is presented.
The purpose of this Letter is to elaborate on a “missing” class of solutions to the time-dependent
Schro¨dinger equation for the simple harmonic oscillator in one dimension. We also provide an
interesting computer-animated feature of these solutions — the phase space oscillations of the
electron density and the corresponding probability distribution of the particle linear momentum.
As a result, a dynamic visualization of the fundamental Heisenberg Uncertainty Principle [27] is
given [45], [62].
1. Symmetry and Hidden Solutions
The time-dependent Schro¨dinger equation for the simple harmonic oscillator,
2iψt + ψxx − x2ψ = 0, (1.1)
has the following six-parameter family of square integrable solutions
ψn (x, t) =
ei(α(t)x
2+δ(t)x+κ(t))+i(2n+1)γ(t)√
2nn!µ (t)
√
pi
e−(β(t)x+ε(t))
2/2 Hn (β (t)x+ ε (t)) , (1.2)
where Hn (x) are the Hermite polynomials [51] and
µ (t) = µ0
√
β40 sin
2 t+ (2α0 sin t+ cos t)
2, (1.3)
α (t) =
α0 cos 2t+ sin 2t
(
β40 + 4α
2
0 − 1
)
/4
β40 sin
2 t+ (2α0 sin t+ cos t)
2 , (1.4)
β (t) =
β0√
β40 sin
2 t+ (2α0 sin t+ cos t)
2
, (1.5)
γ (t) = γ0 −
1
2
arctan
β20 sin t
2α0 sin t+ cos t
, (1.6)
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δ (t) =
δ0 (2α0 sin t+ cos t) + ε0β
3
0 sin t
β40 sin
2 t+ (2α0 sin t+ cos t)
2 , (1.7)
ε (t) =
ε0 (2α0 sin t+ cos t)− β0δ0 sin t√
β40 sin
2 t+ (2α0 sin t+ cos t)
2
, (1.8)
κ (t) = κ0 + sin
2 t
ε0β
2
0 (α0ε0 − β0δ0)− α0δ20
β40 sin
2 t+ (2α0 sin t+ cos t)
2 (1.9)
+
1
4
sin 2t
ε20β
2
0 − δ20
β40 sin
2 t+ (2α0 sin t+ cos t)
2 .
(Here, µ0 > 0, α0, β0 6= 0, γ0, δ0, ε0, κ0 are real initial data.) These “missing” solutions can be
derived analytically in a unified approach to generalized harmonic oscillators (see, for example, [9],
[10], [39] and the references therein). They are also verified by a direct substitution with the aid
of Mathematica computer algebra system [33], [45], [62]. (The simplest special case µ0 = β0 = 1
and α0 = γ0 = δ0 = ε0 = κ0 = 0 reproduces the textbook solution obtained by the separation of
variables [21], [23], [38], [47]; see also the original Schro¨dinger paper [55]; and the shape-preserving
oscillator evolutions occur when α0 = 0 and β0 = 1. More details on the derivation of these formulas
can be found in Refs. [44] and [50]; see also the references therein.)
On the other hand, the “dynamic harmonic oscillator states” (1.2)–(1.9) are eigenfunctions,
E (t)ψn (x, t) =
(
n+
1
2
)
ψn (x, t) , (1.10)
of the time-dependent quadratic invariant,
E (t) =
1
2
[
(p− 2αx− δ)2
β2
+ (βx+ ε)2
]
(1.11)
=
1
2
[
â (t) â† (t) + â† (t) â (t)
]
,
d
dt
〈E〉 = 0,
with the required operator identity [15], [54]:
∂E
∂t
+ i−1 [E,H] = 0, H =
1
2
(
p2 + x2
)
. (1.12)
Here, the time-dependent annihilation â (t) and creation â† (t) operators are explicitly given by
â (t) =
1√
2
(
βx+ ε+ i
p− 2αx− δ
β
)
, â† (t) =
1√
2
(
βx+ ε− ip− 2αx− δ
β
)
(1.13)
with p = i−1∂/∂x in terms of our solutions (1.4)–(1.9). These operators satisfy the canonical
commutation relation,
â (t) â† (t)− â† (t) â (t) = 1, (1.14)
and the oscillator-type spectrum (1.10) of the dynamic invariant E can be obtained in a stan-
dard way by using the Heisenberg–Weyl algebra of the rasing and lowering operators (a “second
quantization” [1], [42], the Fock states):
â (t) Ψn (x, t) =
√
n Ψn−1 (x, t) , â† (t) Ψn (x, t) =
√
n+ 1 Ψn+1 (x, t) . (1.15)
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Here,
ψn (x, t) = e
i(2n+1)γ(t) Ψn (x, t) (1.16)
is the relation to the wave functions (1.2) with ϕn (t) = − (2n+ 1) γ (t) being the nontrivial Lewis
phase [42], [54].
This quadratic dynamic invariant and the corresponding creation and annihilation operators for
the generalized harmonic oscillators have been introduced recently in Ref. [54] (see also [10], [15], [59]
and the references therein for important special cases). An application to the electromagnetic-field
quantization and a generalization of the coherent states are discussed in Refs. [35] and [40].
The key ingredients, the maximum kinematical invariance groups of the free particle and harmonic
oscillator, were introduced in [3], [4], [25], [30], [49] and [50] (see also [7], [31], [48], [53], [57], [58], [63]
and the references therein). We establish a (hidden symmetry revealing) connection with certain
Ermakov-type system which allows us to bypass a complexity of the traditional Lie algebra approach
[44] (see [17], [41] and the references therein regarding the Ermakov equation). (A general procedure
of obtaining new solutions by acting on any set of given ones by enveloping algebra of generators
of the Heisenberg–Weyl group is described in [15].) In addition, the maximal invariance group of
the generalized driven harmonic oscillators is shown to be isomorphic to the Schro¨dinger group of
the free particle and the simple harmonic oscillator [44], [49], [50].
2. Discussion
Quantum systems with quadratic Hamiltonians (see, for example, [2], [5], [6], [10], [14], [15], [18],
[20], [26], [46], [64], [65], [66], [68] and the references therein) have attracted substantial attention
over the years because of their great importance in many advanced quantum problems. Examples
are coherent and squeezed states, uncertainty relations, Berry’s phase, quantization of mechanical
systems and Hamiltonian cosmology. More applications include, but are not limited to charged par-
ticle traps and motion in uniform magnetic fields, molecular spectroscopy and polyatomic molecules
in varying external fields, crystals through which an electron is passing and exciting the oscillator
modes, and other mode interactions with external fields. Quadratic Hamiltonians have particular
applications in quantum electrodynamics because the electromagnetic field can be represented as a
set of generalized driven harmonic oscillators [13], [20].
The maximal kinematical invariance group of the simple harmonic oscillator [50] provides the
six-parameter family of solutions, namely (1.2) and (1.3)–(1.9), for an arbitrary choice of the initial
data (of the corresponding Ermakov-type system [17], [39], [41], [44]). These “hidden parameters”
usually disappear after evaluation of matrix elements and cannot be observed from the spectrum.
How to distinguish between these “new dynamic” and the “standard static” harmonic oscillator
states (and which of them is realized in a particular measurement) is thus a fundamental problem.
At the same time, the probability density |ψ (x, t)|2 of the solution (1.2) is obviously moving
with time, somewhat contradicting to the standard textbooks [21], [23], [38], [47], [55], – an el-
ementary Mathematica simulation reveals such space oscillations for the simplest “dynamic os-
cillator states” [44], [45] (see Appendix A for the Mathematica source code). The same is true
for the probability distribution of the particle linear momentum due to the Heisenberg Uncer-
tainty Principle [27]. These effects, quite possibly, can be observed experimentally, say in Bose
condensates, if the nonlinearity of the Gross–Pitaevskii equation is turned off by the Feshbach reso-
nance [11], [19], [32], [52], [56], [60]. A more elementary example is an electron moving in a uniform
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magnetic field. By slowly changing the magnetic field, say, from an initially occupied Landau level
with the standard solution [38], [43], one may continuously follow the initial wave function evolution
(with the quadratic invariant) until the magnetic field becomes a constant once again (a parametric
excitation; see, for example, [9], [15], [37], [46] and the references therein). The terminal state
will have, in general, the initial conditions that are required for the “dynamic harmonic states”
(1.2)–(1.9) and the probability density should oscillate on the corresponding Landau level just as
our solution predicts. However, it is still not clear how to observe this effect experimentally (but
these “dynamic harmonic states” will have a nontrivial Berry’s phase [5], [6], [54], [61], [62]).
One may imagine other possible applications, for example, in molecular spectroscopy [46], theory
of crystals, quantum optics [24], [66], and cavity quantum electrodynamics [12], [13], [22], [35], [67].
We believe in a dynamic character of the nature [28]. All of that puts the consideration of this
Letter into a much broader mathematical and physical context — This may help better understand
some intriguing features of quantum motion. (Our example shows that the separation of variables
for the time-dependent Schro¨dinger equations may not always give us the “whole picture”.)
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Appendix A. Mathematica source CODE lines [45]
Example 1
The following animation is for the dynamic ground state n = 0, using α0 = γ0 = ε0 = 0, β0 = 2/3,
δ0 = 1:
In[1]:= Animate
[
Plot
[
9
√
2 e
−72(x− Sin[
1
500pi(−1+T )])
2
97+65 Cos[ 1250pi(−1+T )]√
97 + 65 Cos
[
1
250
pi(−1 + T )] , e−4x
2
9
 , {x,−3.5, 3.5}, AxesLabel ->
{x, (Abs[ψ])∧2}, PlotRange→ {0, 2.3}, Filling→ {1→ Bottom}, PlotStyle→ {Thick,Blue}
]
, {T, 1001}
]
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Out[1]=
(a) (b) (c) (d) (e)
Figure 1. Subfigures (a)-(e) are a few stills taken from the mathematica movie an-
imation [45]. Starting with (a) they denote the oscillating electron density (blue) of
the ground “dynamic harmonic state” of the time-dependent Schro¨dinger equation
(1.1). These space oscillations complement (with the help of Mathematica) the cor-
responding “static” textbook solution (clear) [55]. (The color version of this figure is
available only in the electronic edition.)
Example 2
The following animation is for the first excited dynamic state n = 1, using α0 = γ0 = ε0 = 0,
β0 = 2/3, δ0 = 1:
In[2]:= Animate
[
Plot
[{1296√2 e−72(x− Sin[
1
500pi(−1+T )])
2
97+65 Cos[ 1250pi(−1+T )]
(
x− Sin
[
1
500
pi(−1 + T )
])2
/
(
97 + 65 Cos
[
1
250pi(−1 + T )
])3/2
, 89 e
− 4x2
9 x2
}
, {x,−4.5, 4.5}, AxesLabel ->{x, (Abs[ψ])∧2},
PlotRange→ {0, 1.67}, Filling→ {1→ Bottom},PlotStyle→ {Thick,Blue}
]
, {T, 1001}
]
Out[2]=
(a) (b) (c) (d) (e)
Figure 2. Subfigures (a)-(e) are a few stills taken from the mathematica movie
animation [45]. Starting with (a) they denote the oscillating electron density (blue)
of the first excited “dynamic harmonic state” of the time-dependent Schro¨dinger
equation (1.1). These space oscillations complement (with the help of Mathematica)
the corresponding “static” textbook solution (clear) [55]. (The color version of this
figure is available only in the electronic edition.)
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Example 3
The following animations simultaneously show the phase space oscillations of the electron density
and the momentum probability distribution, according to the Heisenberg Uncertainty Principle, for
the dynamic ground state n = 0 with parameters α0 = γ0 = ε0 = κ0 = 0, β0 = 2/3 and δ0 = 3/2:
In[3]:= Animate
[
Plot
[{
9
√
2 e
−18(2x+3 Cos[
1
500pi(249+T )])
2
97+65 Cos[ 1250pi(−1+T )]√
97 + 65 Cos
[
1
250
pi(−1 + T )] ,
9
√
2 e
18(−2x+3 Cos[ 1500pi(−1+T )])
2
−97+65 Cos[ 1250pi(−1+T )]√
97−65 Cos[ 1250pi(−1+T )]
}
, {x,−4.5, 4.5},AxesLabel -> {{x, p}, {(Abs[ψ])∧2,
(Abs[a])∧2}},PlotRange→ {0, 2.3},Filling→ {1→ Bottom},PlotStyle→ {Thick,Blue}
]
, {T, 1001}
]
Out[3]=
(a) (b) (c) (d) (e)
(f) (g) (h) (i) (j)
Figure 3. Subfigures (a)-(j) are a few stills taken from the mathematica movie an-
imation [45]. Starting with (a) they denote simultaneous oscillations of electron den-
sity (blue) and probability distribution of momentum (clear) for the ground “dynamic
harmonic state” of the time-dependent Schro¨dinger equation (1.1). These phase space
oscillations complement (with the help of Mathematica) the corresponding “static”
textbook solutions [23], [55]. (The color version of this figure is available only in the
electronic edition.)
One immediately recognizes from these animations that the particle is the most localized at
the turning points when its linear momentum is the least precisely determined, as required by the
fundamental Heisenberg Uncertainty Principle [27] — The more precisely the position is determined,
the less precisely the momentum is known in this instant, and vice versa (see also [8]). In the creator
own words — “If the classical motion of the system is periodic, it may happen that the size of the
wave packet at first undergoes only periodic changes” (see Ref. [27], p. 38).
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According to (1.13), the corresponding expectation values are given by
〈x〉 = − 1
β0
[(2α0ε0 − β0δ0) sin t+ ε0 cos t] ,
d
dt
〈x〉 = 〈p〉, (A.1)
〈p〉 = − 1
β0
[(2α0ε0 − β0δ0) cos t− ε0 sin t] ,
d
dt
〈p〉 = −〈x〉 (A.2)
with the initial data 〈x〉|t=0 = −ε0/β0 and 〈p〉|t=0 = − (2α0ε0 − β0δ0) /β0. This provides a classical
interpretation of our “hidden” parameters.
The expectation values 〈x〉 and 〈p〉 satisfy the classical equation for harmonic motion, y′′+y = 0,
with the total energy
1
2
[〈p〉2 + 〈x〉2] = (2α0ε0 − β0δ0)2 + ε20
2β20
=
1
2
[〈p〉2 + 〈x〉2]∣∣∣∣
t=0
. (A.3)
For the standard deviations,
〈(∆p)2〉 = 〈p2〉 − 〈p〉2 = (n+ 1
2
) 1 + 4α20 + β40 + (4α20 + β40 − 1) cos 2t− 4α0 sin 2t
2β20
, (A.4)
〈(∆x)2〉 = 〈x2〉 − 〈x〉2 = (n+ 1
2
) 1 + 4α20 + β40 − (4α20 + β40 − 1) cos 2t+ 4α0 sin 2t
2β20
, (A.5)
one gets
〈(∆p)2〉〈(∆x)2〉 =
(
n+
1
2
)2
1
4β40
[(
1 + 4α20 + β
4
0
)2 − ((4α20 + β40 − 1) cos 2t− 4α0 sin 2t)2] . (A.6)
In the case of the Schro¨dinger solution [55], when α0 = δ0 = ε0 = 0 and β0 = 1, we arrive at
〈x〉 = 〈p〉 ≡ 0 and
〈(∆p)2〉 = 〈(∆x)2〉 = n+ 1
2
(A.7)
as presented in the textbooks [21], [23], [24], [29], [38], [47]. The dependence on the quantum number
n, which disappears from the Ehrenfest theorem [16], [27], is coming back at the level of the higher
moments of the distribution.
According to (A.6),
〈(∆p)2〉〈(∆x)2〉 =
(
n+
1
2
)2
1− 4α20 sin2 2t
β40
, (A.8)
provided that 4α20 + β
4
0 = 1, and the product is equal to 1/4, if n = 0 and sin
2 2t = 1. These are
conditions for the minimum-uncertainty squeezed states of the simple harmonic oscillator (see, for
example, [29], [36]). For the coherent states α0 = 0 and β0 = 1, which describes a two-parameter
family with the initial data 〈x〉|t=0 = −ε0 and 〈p〉|t=0 = δ0.
The corresponding wave functions in the momentum representation are derived by the (inverse)
Fourier transform of our solutions (1.2) and (1.3)–(1.9) in Appendix B. Moreover, in Appendix C, we
explicitly present the action of the Schro¨dinger group on the wave functions of harmonic oscillators
and elaborate on the corresponding eigenfunction expansion for the sake of ‘completeness’.
More examples are available in the authors’ websites.
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Appendix B. The Momentum Representation
For the wave functions in the momentum representation,
an (p, t) =
1√
2pi
∫ ∞
−∞
e−ipxψn (x, t) dx, (B.1)
the integral evaluation is similar to Ref. [39]. As a result, the functions an (p, t) are of the same
form (1.2)–(1.9), if ψn → an and x→ p, with the initial data
α1 = − α0
4α20 + β
2
0
, β1 =
β0√
4α20 + β
2
0
, (B.2)
γ1 = γ0 +
1
2
arccot
β20
2α0
, µ1 = µ0
√
4α20 + β
2
0, (B.3)
δ1 =
2α0δ0 + β
3
0ε0
4α20 + β
2
0
, ε1 =
2α0ε0 − β0δ0√
4α20 + β
2
0
, (B.4)
κ1 = κ0 +
α0
(
β20ε
2
0 − δ20
)
+ β30δ0ε0
4α20 + β
2
0
. (B.5)
The calculation details are left to the reader [62] (see, for example, Ref. [23] for the classical case).
Appendix C. The Schro¨dinger Group for Simple Harmonic Oscillators
The following substitution
ψ (x, t) =
ei(α(t)x
2+δ(t)x+κ(t))√
µ (t)
χ (ξ, τ) , (C.1)
where relations (1.3)–(1.9) hold, transforms the time-dependent Schro¨dinger equation (1.1) into
itself with respect to the new variables ξ = β (t)x+ ε (t) and τ = −γ (t) [50] (see also [44] and the
references therein). A Mathematica verification can be found in Refs. [33] and [62].
The eigenfunction expansion of the “dynamic harmonic states” with respect to the standard
“static”ones can be obtain in an obvious way (see, for example, [37] and [43] for similar integral
evaluations, the details will appear elsewhere). The corresponding matrix elements define the
representation of the Schro¨dinger group acting on the oscillator wave functions. (The structure of
the Schro¨dinger group in two-dimensional space-time as a semidirect product of SL (2,R) and Weyl
W (1) groups is discussed, for example, in Refs. [7], [31] and [48].)
An explicit time evolution of the (bosonic field) creation and annihilation operators for the “dy-
namic harmonic (Fock) states”(with the embedded hidden Schro¨dinger group symmetry) can be
easily derived from (1.13), (1.15) and (1.16). Applications to the quantization of electromagnetic
fields are discussed in [35].
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